Abstract. We obtain a faithful representation of the twisted tensor product B ⊗χ A of unital associative algebras, when B is finite dimensional. This generalizes the representations of [3] where and [7] where B = K n . Furthermore, we establish conditions to extend twisted tensor products B ⊗χ A and C ⊗ ψ A to a twisted tensor product (B × C) ⊗ϕ A.
Introduction
Let k be a commutative ring and let A, B be unitary k-algebras. A twisted tensor product of A with B (over k) is an algebra structure defined on A⊗ k B, such that the canonical maps i A ∶ A → A ⊗ k B and i B ∶ B → A ⊗ k B are algebra maps satisfying a ⊗ b = i A (a)i B (b). This structure has been studied by many people with different motivations (see for instance [2] , [1] , [4] , [6] , [9] , [10] , [11] ). On one hand it is the most general solution to the problem of factorization of structures in the setting of associative algebras. Consequently, a number of examples of classical and recently defined constructions in ring theory fits into this construction. For instance, Ore extensions, skew group algebras, smash products, etcetera. On the other hand it has been proposed as the natural representative for the cartesian product of noncommutative spaces, this being based on the existing duality between the categories of algebraic affine spaces and commutative algebras, under which the cartesian product of spaces corresponds to the tensor product of algebras. Besides that, twisted tensor products arise as a useful tool for building algebras starting with simpler ones.
Given algebras A and B, a basic problem is to determine families of twisted tensor products of A with B (ideally all of them) and classify them up to a natural equivalence relation. In general this is a very difficult problem. For instance, in [ In Corollary 2.1 and Proposition 2.5 we show that these conditions are satisfied if and only if the mapρ χ andφ χ , introduced in the statements of these results, are matricial representations of algebras. The first step in the study of the twisted tensor products considered in [3] , [5] , [7] and [8] was determine the conditions required to the maps γ j i by means of direct computations. Using the fact thatρ χ andφ χ must be representations, these conditions arise naturally in each of the examples, as is shown in the last section.
Preliminaries
Let K be a commutative ring with 1. All the maps considered in this notes are K-linear maps, the symbol denotes the tensor product over K, by an algebra we understand an associative unital K-algebra and the algebra morphisms are unital.
Twisting maps
Let A and B be algebras, and let µ A and µ B the multiplication maps of A and B, respectively. A twisted tensor product of B with A is an algebra structure over the K-module B ⊗ A, such that the canonical maps i B ∶ B → B ⊗ A and i A ∶ A → B ⊗ A are morphisms of algebras, and i B (b)i A (a) = b ⊗ a for all b ∈ B and a ∈ A.
Given a twisted tensor product of B with A, the map
, satisfies:
A map fulfilling these conditions is called a twisting map. Conversely, if χ∶ A ⊗ B → B ⊗ A is a twisting map, then A ⊗ B becomes a twisted tensor product via
This algebra will be denote B ⊗ χ A. It is evident that these constructions are inverse one of each other.
Remark 1.1. The right action of A on B ⊗ χ A induced by the canonical map of A into B ⊗ χ A, is the canonical right action of A on B ⊗ χ A. Similarly, the left action of B on B ⊗ χ A induced by the canonical map of B in B ⊗ χ A is the canonical left action of B on B ⊗ χ A.
It is easy to check that the twisted tensor product B ⊗ χ A has the following universal property: given morphisms of algebras ϕ∶ A → C and ψ∶ B → C, there exists a unique morphisms of algebra Ψ∶ B ⊗ χ A → C such that Ψ ○ i A = ϕ and Ψ ○ i B = ψ if and only if
Consequently, if C is a twisted tensor product E⊗ ̟ D, then given morphisms of algebras f ∶ A → D and g∶ B → E, the map
Twisting maps of finite dimensional algebras
From now on we assume that K is a field and that B is a finite dimensional algebra over K. Moreover we fix a basis B ∶= {b 1 , . . . , b n } of B. Recall that the structure constants λ k ij
(1 ≤ i, j, k ≤ n) of B with respect to B are the scalars determined by the equalities
Since the multiplication B is associative, the λ k ij 's satisfy
(1. 
More precisely, conditions (1) and (2) are satisfied if and only if χ is compatible with the algebra structure of A, and conditions (3) and (4) are satisfied if and only if it is compatible with that of B.
Proof. Left to the reader.
The canonical representation
Recall that the regular left representation of a K-algebra C is the morphism l∶ C → End K (C) C defined by l(c) ∶= l c , where l c ∈ End K (C) is the map given by l c (d) ∶= cd for all d ∈ C. Since l c (1) = c for all c ∈ C, this is a faithful representation. Consequently, for each algebra L the map 
Proof. This follows by a direct computation.
Corollary 2.2. Consider the right E-linear bijection
where {e 1 , . . . , e n } is the canonical basis of E n . Items (3) and (4) (1) and (2) 
of Proposition 1.3 are fulfilled if and only if the function
φ χ ∶ A → End(B ⊗ A) A , defined by φ χ (a)(b k ⊗ 1) ∶= ∑ j b j ⊗ γ j k (a),
is a morphism of algebras or, equivalently, if the mapφ
In particular φ χ (a)(1 ⊗ 1) = 1 ⊗ a, which implies that φ χ is injective.
Corollary 2.7. Consider the isomorphisms of right
where {f 1 , . . . , f n } is the canonical basis of A n . If χ is a twisting map, then the function
Proof. This follows from Proposition 2.5, the fact that under condition (4) of Proposition 1.3
and the fact that ξ B ′ is a bijective map.
Remark 2.8. A direct computation shows that
Consequently
is an injective map. Corollary 2.9. If χ is a twisting map, then the formulas
Proof. It suffices to note that the matrices of χ l
in the canonical basis of A n , are the matrices ϕ χ (a) and ϕ χ (b k ), respectively.
Extensions of twisting maps
Let A, B and C be K-algebras with B and 
The structure matrices of the elements of D with respect to (D, D) are
Let α 1 , . . . , α n , β 1 , . . . , β m be the scalars such that
be the structure constants of B with respect to B and of C with respect to C, respectively. Write
Suppose that ψ is a twisting map. The representationρ
) is a representation if and only if the following conditions are satisfied:
Proof. This follows from a direct computation.
The representationφ ψ ∶ A → M m+n (A) of Proposition 2.5 is given bŷ 
and Γ p q (aa
Proof. Straightforward. 
So, condition (3.5) is satisfied for l = 1, and condition (3.8) becomes equivalent to
Consequently, if ψ is a twisting map, then
sinceρ ψ is a representation, and so C (1) j = 0. Conversely, if conditions (3.13)-(3.21) are fulfilled and Θ is a twisting map, then a direct computation shows that conditions (3.5)-(3.9), (3.11) and (3.12) are satisfied, which proves that ψ is a twisting map 
If the hypothesis of Proposition 3.5 are satisfied, then
Furthermore, since ϕ ψ is a representation, the following equalities hold
for all a, a ′ ∈ A. 
Change of Basis
The representations introduced in Section 2 depend on the choice of the basis in B. In this section we analyze how the representations ϕ χ andρ χ behave under a base change. Let A, B and C algebras over a field K and let f ∶ B → C be a morphism of algebras. Assume that B and C are finite dimensional and fix basis B = {b 1 , . . . , b n } and C = {c 1 , . . . , c m } of B and C, respectively. Consider the matrix
where the scalars ζ j i ∈ K are determined by the equalities
Proposition 4.1. Let χ∶ A ⊗ B → B ⊗ A and ̟∶ A ⊗ C → C ⊗ A be twisting maps. The map
is a morphism of algebras if and only if
where ϕ ̟ and ϕ χ are the representations defined in Corollary 2.9.
be the maps determined by the equality (1.1) applied to χ and ̟, respectively. A direct computation using Remark 1.2 shows that f ⊗ A is a morphism if and only if
(4.33)
But this happens if and only if condition (4.32) is fulfilled.
A direct computation using (4.32) shows that under the hypothesis of Proposition 4.1, we havê Proof. A straightforward computation using Proposition 4.32 and Remark 4.2.
Examples

Non-commutative duplicates of finite sets
Consider the algebra B = 
2 (a). By Corollary 2.2 and Proposition 2.5 we know that χ is a twisting map if and only if the mapŝ ρ χ ∶ B op → M n (E) andφ χ ∶ A → M n (A) are matrix representations. The associated twisted tensor products A ⊗ χ B were studied in [3] , where they are called Non-Commutative Duplicates (Actually they studied twisted tensor products B ⊗ χ A, which gives the same results, taking the opposite algebras).
The mapρ B ∶ B op → M 2 (E) is given by the matriceŝ
, that the maps γ On the other hand the mapφ χ is given by the matriceŝ
A direct computation shows thatφ χ is a representation if and only if the maps γ 
It is easy to to see that (1) and (2) imply (3), while (5) and (6) imply (4) . Therefore, the above conditions are satisfied if and only if f ∶= γ 
). Finally, the representation ϕ χ in Corollary 2.9 is given by the matrices
for a ∈ A, ϕ χ (X) = 0 0 1 1 and ϕ χ (1) = 1 0 0 1 .
Factorizations structures with a two-dimensional factor
Given a polynomial P (X) ∶=
with the basis B = {1, X}. The structure matrices of 1 and X with respect to (B, B) are the matrices
Consider a map χ∶ A ⊗ B → B ⊗ A. Proceeding as above we determine maps γ
2 (a). As above, χ is a twisting map if and only if the mapsρ χ ∶ B op → M n (E) andφ χ ∶ A → M n (A) are matrix representations. The associated twisted tensor products A ⊗ χ B (respectively B ⊗ χ A) were studied in [8] , where they are called quantum duplicates. The maps f and δ considered in that paper correspond to the maps γ andρ B (1) = id 0 0 id . Finally the representation ϕ χ in Corollary 2.9 is given by the matrices
for a ∈ A, ϕ χ (X) = 0 −β 1 α and ϕ χ (1) = 1 0 0 1 .
Twisting with K
n Let B ∶= K n and let B 2 = {e 1 , . . . , e n } be the canonical basis of B. The structure matrices of e 1 , . . . , e n with respect to (B, B) are the matrices e 11 , . . . , e nn , where e ii is the matrix with 1 in the i-th entry of the main diagonal and 0 in the other entries. Given a twisted tensor product χ∶ B ⊗ A → A ⊗ B we have mapsγ
As above, χ is a twisting map if and only if the mapsρ χ ∶ B op → M n (E) andφ χ ∶ A → M n (A) are matrix representations. The associated twisted tensor products A ⊗ χ B were studied in [7] . The maps E ji considered in that paper correspond to the mapsγ
The equalitieŝ
that the mapsγ p ij must satisfy in order thatρ B is a representation. On the other hand the mapφ χ is given by the matriceŝ
A direct computation shows thatφ χ is a representation if and only if the mapsγ
Conditions (1)- (4) correspond to the conditions (6)-(9) in [7] .
When n = 2, we have the isomorphism
2 which sends X to e 2 . Using Proposition 4.1 is straightforward to check that the maps f and δ in the first example satisfy f =γ The matrix representationφ χ can be used to define a pair (Q χ , R χ ) where Q χ is a quiver and R χ is a representation of the quiver Q χ , as follows 
Extensions of
Then, by proposition 3.4, we have C
(1) j = 0 for j ∈ {m + 1, ⋯, n}, consequentlyγ i j = 0 for i ∈ {1, ⋯, m} and j ∈ {m + 1, ⋯, n}. Therefore, the representationφ χ looks as followŝ In particular, the twisted tensor products that come from a Quiver of rank 1 with a cycle of length 2 studied in [7, Theorem 4.6 ] are extensions of a twisted tensor product generated by the twisting map Θ∶ A ⊗ K 2 → K 2 ⊗ A. On the other hand, when the map Υ∶ A ⊗ K n−m → K n−m ⊗ A defined by Υ(a ⊗ e j ) = ∑ n i=m+1 e i ⊗ γ i j (a) for j ∈ {m + 1, ⋯, n} is a twisting map. Write Then, by corollary 3.7, we have B
(2) j = 0 for j ∈ {1, ⋯, m}, consequentlyγ i j = 0 for i ∈ {m + 1, ⋯, n} and j ∈ {1, ⋯, m}. Therefore, the representation ϕ χ looks as follows
35)
The twisted tensor products for which m = 2 and Υ come from a Quiver of rank 1 without cycles of length 2 studied in [7, Theorem 4.6 ] are extensions of a twisted tensor product generated by the twisting map Θ∶ A ⊗ K 2 → K 2 ⊗ A. By example, the twisting map for which ϕ Υ = id where studied in [7 We know that χ is a twisting map if and only ifρ χ ∶ B op → M n (E) andφ χ ∶ A → M n (A) are matrix representations. The associated twisted tensor products A ⊗ χ B were studied in [5] .
